The peristaltic transport of a Carreau-Yasuda fluid in an asymmetric channel is studied. Problem formulation is given in the presence of nanoparticles and contributions of Brownian motion and thermophoresis are taken into account. Lubrication approach is employed. The resulting nonlinear system of equations is solved numerically, and the effects of sundry parameters on the velocity, temperature, and concentration are analyzed. Heat and mass transfer rates are computed and examined. The results show that the impact of the non-Newtonian parameters on flow quantities get reversed when we move from shear thinning to shear thickening fluids. The temperature of the nanofluid in presence of Brownian motion increases, furthermore the influence of Brownian motion parameter on temperature and concentration distributions is opposite.
Introduction
It is well admitted fact that common fluids (e. g. water, oil, ethylene, glycol etc.) are poor conductors of heat owing to their low thermal conductivity. This brings to light a need of methods to enhance the thermal conductivity of fluids. Change in flow geometry, use of various type of boundary conditions, enhancement of thermal conductivity are some techniques used by several investigators just to facilitate the heat transfer in fluids during the past few decades. Suspension of micro sized solid particles was also used to enhance the thermal conductivity. This technique proved less fruitful because micro meter size turned out to be too large as the solute provided additional resistance to the flow and the ability of these particles to settle out of the suspension. The use of particles with size below 50 nanometer (nanoparticles) for the suspension has been recognized very useful for enhancement of thermal conductivity of the fluids. The research on the nanofluids are about understanding their characteristics so that they can be utilized where straight heat transfer enhancement is paramount as in many industrial processes which include microelectronics, transportation, nuclear reactors, food and biomedicine, solid state lighting and manufacturing. Undoubtedly the nanofluids remarkably enhance the thermal conductivity of a conventional liquid which is beyond the description of any available theory. Such fluids are very stable and have no extra issues of erosion, sedimentation, additional pressure drop etc. This is because of the tiny size and low volume fraction of nanoelements required for the thermal conductivity enhancement. The literature now on this topic is quite sizeable (see some recent articles [1 -10] amongst the others).
Mechanical analysis of the non-Newtonian fluids gained much importance due to their occurrence in nature and industry. However a single constitutive equation of non-Newtonian fluid is inadequate to predict the diverse properties of all such fluids. As expected these fluids differ in their characteristics. Therefore many models of non-Newtonian fluids are proposed. The Carreau-Yasuda (CY) fluid is one amongst these models. Main advantage of this model over the so called power law model is that the Carreau-Yasuda model contains five parameters to explain the fluid rheology when compared with three constants of the power law model. The shear thinning and shear thickening effects can be predicted by the CY model with great accuracy. In its limiting case it can predict the results of Carreau as well as the Newtonian fluid models. Gijsen et al. [11, 12] investigated the non-Newtonian properties of blood in large arteries. In these studies the authors compared the experimental results with the numerical data using the CY model. A good agreement between the experimental and numerical results is noticed. Andrade et al. [13] computed skin friction for turbulent flow in pipes using the CY model.
Peristalsis is a well-known phenomenon of fluid transport in many physiological and industrial processes. Transport of food through oesophagus, chyme movement in intestine, urine transport from kidney to bladder, bile movement from gallbladder to duodenum, spermatozoa transport in male reproductive tract are some physiological processes comprising peristalsis. In industry, peristalsis is used for transportation of corrosive/sensitive fluids, in roller/finger pumps, in heartlung and dialysis machines. In this mechanism waves of area contraction and relaxation propagate along the walls of channel/tube containing the fluid. These waves propel the fluid in the direction of propagation. Further, the concept of heat transfer is significant in the analysis of tissues, hemodialysis, and oxygenation. The recent progress in the application of heat (hyperthermia), radiation (laser therapy), and coldness (cryosurgery), as means to destroy undesirable tissues including cancer have stimulated much interest in mathematical modelling for properties of tissue. Filtration of blood in kidneys, exchange of gases in lungs, food absorption in intestines during intestinal peristalsis, absorption of water and salts by the roots of plants, exchange of gases between the atmosphere and plant leaves, ores separation, metal purification, nuclear reactors etc. are some processes involving mass transfer. Through such motivations the peristaltic transport with heat/mass transfer was analyzed in the studies [14 -25] . Previous literature indicates that peristalsis of nonNewtonian fluids with nanoparticles is not focused much. The purpose here is to venture further in this regime. The fluids are now known as non-Newtonian in numerous physiological and industrial processes. The fluids in the presence of nanoparticles are important especially in hyperthermia, cancer therapy, tumor analysis, optical switches building construction, geothermal, oil recovery, and many others. It is also noticed that the intra-uterine fluid flow in peristalsis due to myometrial contractions occur in both symmetric and asymmetric directions. The characterization of non-pregnant woman uterine contractions is very complicated as they are composed of variable amplitudes, a range of frequencies, and different wavelengths. The width of the sagittal cross-section of the uterine cavity increases towards the fundus, and the cavity is not fully occluded during the contraction. With all such in mind, the present investigation models the problem of peristaltic transport of a CYnanofluid in an asymmetric channel. To our knowledge such analysis is not presented before. The relevant flow model is first non-dimensionalized and then simplified subject to long wavelength and low Reynolds number approximations. The involved system even after such simplification is nonlinear. The resulting nonlinear problem is numerically solved for the flow quantities of interest. Attention is mainly fo- cused to the salient features of rheological parameters, Brownian motion, and thermophoresis. Numerical values of heat and mass transfer rates are presented and analyzed in tabular form. It is hoped that the present research will be a stimulus for several further fundamental investigations on the topic in future.
Problem Formulation
We consider the flow of an incompressible CarreauYasuda fluid containing nanoparticles in a twodimensional asymmetric channel of widthd 1 +d 2 . Flow in the channel is generated due to sinusoidal wave trains propagating along the channel walls with constant wave speed c. The geometry of wall surfaces is defined as H 1 (X,t) =d 1 +ε 1 (upper wall) and
whereε 1 andε 2 are the disturbances produced due to propagation of peristaltic waves along the upper and lower walls, respectively. These disturbances are of the formsε
in whichb 1 ,b 2 are the amplitudes of the waves, γ (0 ≤ γ ≤ π) is the phase difference,t is the time, λ is the wavelength, andX andȲ are the rectangular coordinates withX measured along the channel length and Y normal toX. It is important to mention that γ = 0 and γ = π correspond to the cases where the channel is symmetric with waves out of phase and waves in phase, respectively. Moreoverd 1 ,d 2 ,b 1 ,b 2 , and γ satisfy the condition
The velocity field for such flow is taken to be V = Ū X ,Ȳ ,t ,V X ,Ȳt ,t . The conservation of mass, momentum, energy, and concentration equations for two-dimensional incompressible flow are 
In these equations, P is the pressure, of the nanoparticles. In order to transform our problem from the fixed frame (laboratory frame) to a frame of reference moving with the wave speed c (wave frame), we use the following transformations:
in whichū,v, andp are the velocity components and pressure in the wave frame (x,ȳ). In the wave frame, (3) - (7) become
Heres i j are components of the extra stress tensor in the wave frame,L is the velocity gradient, ands ·L the viscous dissipation term in wave frame. Considering the dimensionless quantities
and applying the long wavelength and low Reynolds number approximations [16 -19] , we have
where the continuity equation is identically satisfied, x and y are the dimensionless coordinate axes, u, v, (15) and (16). We write
The extra stress tensor for the Carreau-Yasuda fluid is given as [11 -13] 
where A 1 is the first Rivlin-Erickson tensor and µ(γ ) is the apparent viscosity defined by
with γ = 2tr(D 2 ) and
Here µ 0 is the zero shear-rate viscosity, µ ∞ the infinite shear-rate viscosity, gradV denotes the gradient of velocity, n the dimensionless power law index, Γ and a the dimensional and dimensionless non-Newtonian parameters, respectively. This fluid model has the ability to depict the flow of a Newtonian fluid with viscosities µ 0 and µ ∞ at the lower and upper ends of shear rate range. The non-Newtonian parameters Γ and a control the transition between the two extremes. This model predicts the results of shear thinning fluid for n < 1 and shear thickening fluid for n > 1. 
Flow Rate and Boundary Conditions
TakingH 1,2 as functions ofX andt, the dimensionless volume flow rate in laboratory frame is
X ,Ȳ ,t dȲ and in the wave frame, we have
in which h is a function of x alone. From these relations, we can write
The time averaged flow over a period T f is given bȳ
which implies that
Defining η and F as the dimensionless mean flows in laboratory and wave frames by
we have
where
The dimensionless boundary conditions are
Substituting the value of s xy from (22) into (17) - (19), we get
The nonlinear equations (27) - (29) 
Graphical Analysis
In this section the graphical analysis of the numerical results has been carried out. Plots for axial velocity, temperature, and concentration profiles are presented and studied. Numerical values of heat and mass transfer rate at the boundary are presented in Tables 1  and 2 
Examination of Axial Velocity
Effects of We, a, and β on the axial velocity are analyzed through that the velocity traces a parabolic trajectory with the maximum value occurring near the center of the channel. Two separate cases for n > 1 (shear thickening) and n < 1 (shear thinning) are studied. Figure 1a depicts that an increase in We results in an increase of the maximum value of velocity for n = 2.5 whereas the opposite behaviour is seen for n = 0.5. This highlights the fact that for a shear thickening fluid an increase in Weissenberg number yields an increasing effect on the velocity but for a shear thinning fluid its effect is reverse. The increase in non-Newtonian parameter a and viscosity ratio parameter β have the same effect on velocity in both cases. The maximum value of velocity is seen to decrease by increasing in a and β for a shear thickening fluid. Large values of a and β in the shear thinning fluid show an increase in the maximum value of velocity (see Figs. 2 and 3 ).
Variation in Temperature
The development of temperature profile is examined via Figures 4 -7 . The effects of different parameters on the shear thickening/thinning fluids are examined through these figures. An increase in We for the shear thickening case enhances the temperature. However temperature decreases when a and β are increased. On the other hand for a shear thinning fluid the temperature increases when there is an increase in a and β . A decrease in temperature is noticed when We increases. tion parameter N b and thermophoresis parameter N t on the temperature. These figures depict that the dimensionless temperature increases through large N b and N t .
Variation in Concentration
Figures 8 -11 examine the effect of various parameters on the concentration of nanoparticles. The concentration increases through a larger Brownian motion parameter (see Fig. 8a ). This is mainly due to the fact that an increase in N b denotes the increase in haphazard motion of the nanoparticles which forbids them to settle at one place in the flow regime and consequently the concentration increases throughout the fluid. Figure 8b shows that the thermophore- sis parameter has a decreasing effect on the concentration of nanoparticles. For the case of shear thinning fluid, the Weissenberg number We has an increasing behaviour whereas a and β have a decreasing effect on concentration. The concentration of nanoparticles immersed in a shear thickening fluid decrease when the Weissenberg number increases. However such concentration enhances for an increase in a and β .
Temperature and Concentration Transfer Rates
Numerical values of temperature and concentration rates at the upper wall are computed for a shear thickening fluid in Table 1 in Table 2 . For n = 2.5 the rate of heat transfer at the wall increases with an increase in We, N t , and N b whereas it decreases for a and β . Such increase is larger for N b and N t . The concentration transfer rate at the boundary for a shear thickening fluid decreases with an increase in We and N t but it increases for a, β , and N b . For n = 0.5, i. e. for the case of shear thinning fluid, We, a, and β have an opposite effect on heat and mass transfer rates when compared to the case for n > 1. However the effect of Brownian motion and thermophoresis parameter remain similar in both cases. Tables 3 and 4 have been prepared to provide a comparison of present analysis with previous studies. A comparative study of present analysis with the Table 1 . Heat and mass transfer rates at the upper wall for shear thickening fluid (n = 2.5) when Br = 0.3, x = 0.0, a 2 = 0.4, b 2 = 0.3, γ = π/4, d = 0.7, η = 0.7, and Pr = 0.5. previous attempts of Srinivas and Kothandapani [26] and Hayat et al. [20] is provided. Numerical results of the heat transfer coefficient at the upper wall (Z = θ y (h 1 )x) through [26] is found in good agreement with the present study up to four decimal places (see Table 2 . Heat and mass transfer rates at the upper wall for shear thinning fluid (n = 0.5) when Br = 0.3, x = 0.0, a 2 = 0.4, b 2 = 0.3, γ = π/4, d = 0.7, η = 0.7, and Pr = 0.5. Table 3 . Comparison of the numerical values of the heat transfer coefficient at the upper wall (Z = θ y (h 1 )x) between the work of Srinivas and Kothandapani [26] and special case of present study when We = 0.0, a 2 = 0.5, b 2 = 0.6, γ = π/4, d = 1.5, ρ = 0.5, Pr = 1.0, E = 3.0, and β = 0.0 in absence of Brownian motion and thermophoresis effects. Table 4 . Comparison of the numerical values of the heat transfer rate at the upper wall (−θ y (h 1 )) between the work of Hayat et al. [20] and special case of present study when We = 0.3, n = 0. Tab. 3). The heat transfer rate at the upper wall of present study is in good agreement with the results of Hayat et al. [20] (see Tab. 4). Present results also show that the axial velocity for both the Newtonian and Carreau-Yasuda fluid models trace a parabolic path with the maximum value near the center of the channel. The plot of axial velocity for a non-Newtonian fluid flattens near the center which is physically justified for a shear thinning fluid. Qualitatively all these results are in good agreement with the studies of Gijsen et al. [11, 12] .
Concluding Remarks
The peristaltic motion of a Carreau-Yasuda nanofluid in an asymmetric channel is studied. Main findings of present investigation are summarized below:
• The impact of the non-Newtonian parameters on flow quantities get reversed when we move from shear thinning to shear thickening fluids.
• The effect of Weissenberg number on velocity, temperature, and concentration is opposite to that of the other non-Newtonian parameters a and β .
• The Brownian motion and the thermophoresis parameter have an increasing effect on temperature.
• The concentration of the nanoparticles increases with an increase in the Brownian motion parameter but it decreases for an increase in the thermophoresis parameter.
• The heat transfer rate at the wall increases when N b and N t are increased.
• The mass transfer rate at the wall decreases by increasing N t but increases with an increase in N b .
